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We report on polariton propagation beats of the yellow 1S paraexciton in Cu2O as function of magnetic field,
laser energy, and temperature. The propagation beats are fitted by a model including the inhomogeneity of the
sample, which enables us to distinguish between homogeneous damping and inhomogeneous broadening. By
use of a 3He insert we achieved bath temperatures down to 0.35 K. Propagation beats of a 13 ns Gaussian laser
pulse were observable up to 180 ns after the pulse leading to a remarkably small homogeneous damping of
about 9 neV at the lowest temperature. The corresponding dephasing time is 150 ns decreasing rapidly to about
5 ns at 2.1 K. These results are confirmed by absorption spectra of the same sample. The temperature depen-
dence of the homogeneous damping is discussed in terms of longitudinal-acoustic phonon scattering.
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I. INTRODUCTION

Since the first observation of Bose-Einstein condensation
�BEC� in an atomic gas,1,2 many attempts to observe the
phenomenon of spontaneous coherence in solid-state systems
have been made.3 For a long-time promising candidates have
been the 1S excitons of the yellow series in Cu2O, which
consist of the paraexciton �irreducible representation �2

+� and
the three quadrupole allowed orthoexcitons ��5

+�, which are
split off by �=12.12 meV �Ref. 4� due to isotropic short-
range exchange. The paraexciton is a pure spin-triplet state
and therefore it is optically forbidden to all orders of electric
transitions because of symmetry and spin selection rules. In a
magnetic field, however, it becomes optically allowed and
shows an extremely narrow resonance. The paraexciton mass
was determined to MP=2.61m0 �Ref. 5� allowing one to
evaluate the critical density for a BEC transition.

Due to its long lifetime of about 1 �s �Refs. 6 and 7� a
resonantly excited paraexciton gas can thermalize with the
phonon bath.8 At densities close to the critical density at 2 K,
however, the lifetime is strongly reduced by the bimolecular
decay,9 which results in a decay time of about a nanosecond
and prevents crossing the phase boundary. Additionally, the
exciton gas is heated and thermalization is affected by
exciton-exciton interaction. The reported thermalization time
of a few hundred nanoseconds7 and the expected phonon-
scattering time of a few nanoseconds,10 however, are incon-
sistent.

Up to now, all attempts to optically excite a critical den-
sity either resonantly or nonresonantly have failed and all
claims for a BEC of 1S excitons in Cu2O have been
rejected.3 There were only a few experiments in which exci-
ton densities were determined quantitatively.11,12 As the bi-
molecular decay seems to prevent reaching the critical den-
sity in a 4He bath, further cooling in a 3He bath or in a
3He / 4He dilution refrigerator might help to reach the critical
density. For an exciton BEC in thermal quasiequilibrium
with the phonon bath at very low temperatures, however, a
sufficiently high acoustic phonon-scattering rate is essential.

In high-purity samples at low temperatures, the acoustic
phonon-scattering rate determines the polariton damping for
low particle densities. This damping can be determined by
energy- or time-resolved transmission experiments, either
from the linewidth of the absorption spectrum or from the
decay of polariton propagation beats. Four-wave mixing, the
common method for the determination of dephasing, is not
practical for long dephasing times in the range of tens or
hundreds of nanosecond as they are expected for the paraex-
citon due to its long lifetime and small phonon coupling. The
appearance of propagation beats is already well known for
the 1S orthoexcitons in Cu2O �Ref. 13� and first measure-
ments of paraexciton beats at 1.2 K were reported recently.14

In this contribution we present paraexciton polariton
propagation beats and compare the results to transmission
spectra for varying magnetic field, laser energy, and tempera-
ture. The temperature dependence of the polariton damping
and dephasing time is determined from fits of the propaga-
tion beats. We observe paraexciton polariton dephasing times
up to 150 ns at 0.35 K, which drastically drop to about 5 ns
at 2.1 K.

In Sec. II, we present the theory of paraexciton polaritons,
which is used to fit the propagation beats and calculate the
paraexciton longitudinal-acoustic �LA�-phonon-scattering
rate. The experimental setup is described in Sec. III. Our
results are discussed in Sec. IV, followed by conclusions
�Sec. V� and the Appendix with a derivation of the relevant
equations.

II. THEORY

Due to symmetry and spin selection rules the paraexciton
is optically forbidden to all orders. In a magnetic field the
paraexciton mixes with the orthoexcitons, in strain fields ad-
ditionally with excitons of the green series, and thus be-
comes weakly allowed.6,15 For a magnetic field the coupling
to the orthoexcitons can be described in the basis of the
paraexciton P and the three orthoexcitons M =0, �1 by the
matrix

PHYSICAL REVIEW B 81, 155214 �2010�

1098-0121/2010/81�15�/155214�8� ©2010 The American Physical Society155214-1

http://dx.doi.org/10.1103/PhysRevB.81.155214


HB =�
− � i�B 0 0

− i�B 0 0 0

0 0 	B 0

0 0 0 − 	B
� �1�

with the coefficients �=92.5 �eV /T and 	=47.7 �eV /T.15

As the paraexciton becomes quadrupole allowed it has to be
treated as a polariton with the dispersion

c2k2


2 = �b +
fP�2c2k2

��
0 +
�2k2

2MP
�2

− ��
�2 − i��


, �2�

where the background dielectric constant �b=8.61,5 the mass
MP=2.61m0, the oscillator strength fP=5.6�10−5fO ·B2, and
the paraexciton band minimum �
0�B�=2.02066 eV
− �� ·B�2 /�.14,15 The phenomenological damping � in Eq.
�2� takes into account recombination and scattering of the

propagating polaritons with phonons and impurities, and de-
scribes dephasing and absorption.

The dispersion �Eq. �2�� without damping ��=0� yields
for 

0 two solutions 
�k�. In Fig. 1�a� these two
branches are shown for energies close to the resonance. For a
finite damping the situation changes and at each energy two
complex solutions exist. The electric field linked to these two
modes propagating through a sample of thickness d is given
by

E�d,
� = 	
j=1

2

aj�kj,
�exp�ikjd� , �3�

where the complex coefficients

aj�kj,
� =
ki�j

2 �
� − �b�
/c�2

ki�j
2 �
� − kj

2�
�
, �i, j� � 
�1,2�,�2,1��

are derived from Maxwell’s boundary conditions and Pekar’s
additional boundary conditions �ABC� at the sample
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FIG. 1. �Color online� �a� Undamped paraexciton polariton dispersion �
�k� close to the polariton resonance at 13.2 �eV for a magnetic
field B=7 T; �
0 is the paraexciton band minimum at k=0; red solid line, lower polariton branch; blue dashed line, upper polariton branch;
and the dotted horizontal lines mark polaritons with a group velocity vg=105 m /s, whose wave vectors differ by �k. �b� Group velocity vg

for the dispersion in �a�; blue dashed line, vg for the upper branch; red solid line, vg for the lower branch; the dotted horizontal lines mark
the two states with vg=105 m /s, both polariton states differ by �k in their wave vector and ��
 in their energy. �c� Calculated absorption
of the paraexciton resonance in a magnetic field of 7 T for a sample of thickness d=5.5 mm with a damping �=60 neV, EP

0

=2.02064 eV is the paraexciton resonance at B=7 T; red solid line, absorption of a homogeneous sample; and black dashed line, absorption
of an inhomogeneous sample as sketched in �e�. �d� Normalized transmitted intensity of an incoming Gaussian pulse as function of time �see
Eq. �3��; black dotted line, Gaussian pulse with FWHM=13 ns; red solid line, time-resolved transmission of the Gaussian pulse in the
paraexciton resonance through a sample of thickness d=5.5 mm with the damping as in �c�; blue dashed line, transmission of a pulse
detuned by 30 neV from the paraexciton resonance. �e� Sketch of a sample consisting of three layers with different resonances shown as a
black dashed, blue dotted, and green dashed-dotted Lorentzian, the amplitudes of the Lorentzians correspond to the thicknesses dj of the
layers; red solid line, laser spectrum �Gaussian with FWHM=150 �eV�. �f� Schematics of the intraband LA-phonon scattering, k0 marks the
resonance wave number; exciton parabola, black solid line; LA phonons, blue dotted arrows; and region of final states, red dashed part of
parabola.
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surface.16 Each polariton branch contributes with a different
absorption coefficient and due to Eq. �3� both interfere with
each other. Hence, the absorption spectrum of a sample of
thickness d is calculated from Eq. �3� as ��
� ·d=
−log��E�d ,
��2 / �E�0,
��2� �see Fig. 1�c��.

The time-resolved transmission of the field of a laser
pulse EL is calculated by the Fourier transform of E�d ,
�
�Eq. �3�� and the spectrum of the pulse EL�
�,

E�d,t� � 	
j=1

2 
−�

�

aj�k,
�EL�
�exp�i�kjd − 
t��d
 . �4�

As shown in Figs. 1�a� and 1�b�, there are polariton states
with equal group velocity vg=d
 /dk on both branches; the
crossing of the two dashed horizontal lines with the upper
and lower branches mark polaritons with equal group veloc-
ity of vg=105 m /s. Though both polaritons reach the back
surface of the sample at the same time, they obtain a phase
shift �� due to their difference in k and 
 �see Figs. 1�a�
and 1�b��. The total phase shift is ���d�= ��k−�
 /vg�d. As
the phase shift depends on 
, and thus on the group velocity
vg, it changes with time leading to beats in the time-resolved
transmission. The period of these beats decreases with in-
creasing thickness d, and also with increasing external mag-
netic field B, since the oscillator strength fP increases with
B2 �Eq. �2��. The damping � describes the decay of the am-
plitude of the beats. Propagation beats are observable as long
as � /�l�1 holds,17 where � is the polariton damping and
�L=h /�L is the spectral width of the laser pulse. Figure 1�d�
shows calculated beats �solid line� for a resonant laser pulse,
propagating through a crystal of thickness d=5.5 mm at B
=7 T for a damping �=60 neV. Also shown in Fig. 1�d� are
propagation beats for a laser pulse detuned from resonance
�dashed line�. The most significant changes are the nonzero
minima of the beats in the latter case. As an example for the
effect of inhomogeneity we consider a sample of three layers
with slightly different resonances �Fig. 1�e��. Since the laser
is not on resonance in each layer, beats similar to the off-
resonance case shown in Fig. 1�d� �dashed line� are expected.
For such a sample the transmission can be calculated using
Maxwell boundary conditions between the different layers.
The spectrum is basically the product of the transmission
spectra of the three layers, in certain cases distinct absorption
features could be observed as plotted by the dashed line in
Fig. 1�c� for the case of the sketched inhomogeneous sample
�see Fig. 1�e��. The equations for the calculation of the trans-
mitted field are derived in the Appendix. Again the time-
resolved transmission can be calculated by the Fourier trans-
form of the convolution of an incoming pulse and the
transmission of the field E�d ,
� �see Eq. �3��.

The phenomenological damping � in Eq. �3� describes the
dephasing due to recombination, scattering by phonons and
impurities. Since the exciton lifetime T1�1 �s �Refs. 6 and
7� is quite long for a bulk semiconductor, it is expected to be
insignificant as a dephasing mechanism. For symmetry rea-
sons the paraexciton couples only to LA phonons and not to
transverse-acoustic phonons.18 Thus, at low temperatures in

high quality samples with a low impurity density scattering
with LA phonons is expected to be the main dephasing
mechanism. As shown in Fig. 1�f�, we need only to take into
account anti-Stokes scattering out of the resonance state k0
due to energy and momentum conservation. In order to cal-
culate the anti-Stokes scattering rate �AS�E ,T� for an occu-
pation NEP

0 of paraexcitons at the resonance energy EP
0 we

use the equations given in Ref. 10 neglecting stimulated scat-
tering events since we have low exciton densities and low
temperatures. As �AS�E ,T� is almost independent of E
around the resonance EP

0 , we neglect its energy dependence

and set ��T�=�AS�EP
0 ,T�. With the energy Ẽ=E /e0 and tem-

perature T̃=kB ·T /e0 scaled to e0=2 ·MP ·vLA
2 this yields

�NẼP
0

��
= − ��T̃� · NẼP

0 ,

��T̃� =
1

�sc

1

2 · �ẼP
0


��ẼP
0 − 1�2

��ẼP
0 + 1�2

�ẼP
0 − Ẽ1�2

·
1

exp��ẼP
0 − Ẽ1�/T̃� − 1

· dẼ1, �5�

where the characteristic scattering time scale is given by

�sc =
��4�

2DLA
2 · MP

3 · vLA

with the deformation potential DLA=1680 meV,19 the LA
sound velocity vLA=4.63·103 m /s,5 and the mass density
�=6.1 g /cm3.20 From the damping � one can estimate the
dephasing time T2=2� /� of the paraexcitons. The derivation
of Eq. �5� is explained in greater detail in the Appendix.

III. EXPERIMENTAL SETUP

A single frequency dye laser �linewidth 5 neV� is modu-
lated by an electro-optical modulator to generate Gaussian
pulses with a full width at half maximum �FWHM� of 13 ns.
The repetition rate of 160 kHz ensures a dark time much
longer then the paraexciton lifetime. For a maximum
continuous-wave laser power of 50 mW, we thus get an av-
erage power of only 110 �W. Taking into account reflection
losses we expect 63 �W in the sample. For the measure-
ments at very low temperatures �3He cryostat� we lower the
average power in the crystal to about 20 �W.

For measurements between 1.2 and 2.2 K, a 4He split coil
cryostat �magnetic field up to 10 T� and between 0.3 and 1.3
K a 3He split coil cryostat �7 T� is used. The 3He insert is a
closed cycle system consisting of a 3He gas storage, a 1 K
pot cooled by superfluid 4He to condense the gas, and a
sorption pump for further cooling of the condensed 3He. The
sample is immersed in the 3He bath.

The transmitted pulse is detected by a fast photo diode
�bandwidth 1.4 GHz� and a digital oscilloscope �bandwidth
1.5 GHz�, the overall time resolution is about 1 ns. A dia-
phragm is used as a spatial filter to suppress scattered light
on the diodes. In order to clearly resolve the beats, long
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delay times up to 100 ns are necessary, which are achieved
with samples of several millimeter thickness. The sample of
d=5.5 mm thickness is cut from a high quality natural crys-
tal, oriented by x-ray diffraction, and mounted strain free in

the cryostat. The sample was mounted with k � �112̄� and

B � �11̄0�.
We got clear beats only in one sample but for two differ-

ent k directions ��112̄� and �111��. Because of the higher
oscillator strength �factor of 2� we have done the measure-

ments in the �112̄� direction. Other crystals of less homoge-
neity showed only indications of beats. Further details about
the setup can be found elsewhere.21

IV. RESULTS AND DISCUSSION

In Fig. 2 paraexciton propagation beats for different mag-
netic fields are shown. Clearly the beat period increases with
increasing delay times. With increasing magnetic field, and
thus increasing oscillator strength, the period decreases. Due
to inhomogeneous broadening, the beat minima are nonzero.
Since the field dependence of the oscillator strength is well
known,4 we can determine the inhomogeneous broadening.
For example, fits without and with inhomogeneous broaden-
ing are compared in Fig. 2 for a magnetic field of 6 T. Both
curves differ in the beat period and the minima. Obviously,
taking into account inhomogeneous broadening gives a better
fit of the data.

Propagation beats for different detuning from resonance
are plotted in Fig. 3. As also demonstrated by the calculated
curve in the inset of Fig. 1�d�, the beats have finite minima,
whose values increase with increasing detuning from reso-
nance. Additionally, the number and the time range of ob-
servable beat maxima decreases due to the increasing group
velocity outside the resonance. Since the paraexciton is in-
homogeneously broadened, the minima are also nonzero in
resonance. Paraexciton beats, as measured with the laser
in resonance, are observable up to 60 ns. This is clear evi-
dence for a long dephasing time and a small polariton damp-
ing �.

In Fig. 4 propagation beats for different bath temperatures
are shown. We used two different cryostats �with 3He or 4He
as coolant� and the same focusing lens for both cryostats. We
thus expect to have the same focus diameter �d�30 �m�.
By checking the transmission spectrum prior to our beat
measurements we were able to select similar spots on the
sample which turned out to be very homogeneous across the
surface of about 5�5 mm2. Obviously, the number of oscil-
lations decreases with increasing temperature. This acceler-
ated decay of the amplitude reflects the decrease in the
dephasing time, which corresponds to an increase in the po-
lariton damping. The beat curves are fitted by the model
described in Sec. II using three layers with different reso-
nances �parameters see Fig. 4�. A three-layer model for the
inhomogeneity is used since tests with up to seven layers
yield the same results for the inhomogeneous broadening and
homogeneous damping.

The analysis directly yields the damping as function of
bath temperature. We observed beats for more than 180 ns at
0.35 K reflecting a very small paraexciton polariton damp-
ing, the fit yielded a minimum damping �=9 neV corre-
sponding to a dephasing time T2=150 ns. The results of the
fits are compared with the resonance transmission spectra as
shown in Fig. 5, where the measured spectra and the sum of
three Lorentzians with the parameters from the fit of the
beats are plotted for different temperatures. In the range of
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the right, laser was in resonance at each field, T=1.2 K; black lines,
experimental data; red dashed line, calculation for B=6 T without
inhomogeneous broadening; and blue dotted line, fit with inhomo-
geneous broadening.

−10

−9

−8

−7

−6

−5

−4

−3

−2

−1

0

1

2

3

4

5

−20 0 20 40 60

initial
pulse

-372 MHz

-331 MHz

-290 MHz

-248 MHz

-207 MHz

-165 MHz

-124 MHz

-83 MHz

-42 MHz

0 MHz

42 MHz

83 MHz

124 MHz

165 MHz

Time [ns]

In
te

ns
it
y

[a
rb

.
un

it
s]

FIG. 3. Paraexciton propagation beats as function of laser de-
tuning from resonance. Beats were measured in a magnetic field
B=7 T at a bath temperature of 0.4 K. The laser detuning of each
curve is shown on the right.

BRANDT et al. PHYSICAL REVIEW B 81, 155214 �2010�

155214-4



the pulse spectrum �blue dotted line� the calculated and the
measured spectra agree well.

The polariton damping � as function of temperature is
shown in Fig. 6 �full dots�. The damping increases from 9 up
to 170 neV in a temperature range of less than 2 K. Addi-
tionally, the LA-phonon-scattering rate as discussed in the
previous section is plotted as the black solid line. At lowest
temperatures the measured polariton damping and the calcu-
lated phonon-scattering rate differ. There are two possible
reasons for this deviation. First, the cooling efficiency of
liquid 3He is reduced at lowest temperatures due to the
Kapitza resistance22 and the exciting laser light heats the

sample, which results in an increased homogeneous damp-
ing. For the 3He experiments we used very low average laser
power �about 20 �W�. Heating of the sample should thus
not be the cause for the deviations of the damping from the
phonon-scattering rate. Second, despite the high quality of
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our sample it contains still some impurities and, since at
lowest temperatures the phonon-scattering rate vanishes, the
scattering of the polaritons by impurities becomes important.
From the data we determine an impurity polariton damping
of about 10 neV in this sample. As thermal equilibrium is
reached within a few phonon-scattering events, thermaliza-
tion time at 2 K is a few tens of nanosecond in contrast to the
results by Fishman et al.7 Because of the high energy pump-
ing their experimental conditions cannot be compared to our
resonant pumping experiment.

In the propagation beats experiments high-density effects
are not studied due to the limited number of polaritons gen-
erated in one duty cycle. At 0.4 K we observed a decreasing
number of oscillations with increasing power. This was prob-
ably due to heating because the 3He cooling efficiency is
limited by the Kapitza resistance. Nevertheless it would be
an interesting project to study the density dependence at the
lowest temperature with 4He cooling �1.2 K�. Because of the
limited laser power �about 50 mW� we are not able to excite
within the 13 ns pulse enough polaritons to reach high
enough densities. With use of a power laser it should be
feasible to study high-density effects by beat spectroscopy.
One would then expect dramatic effects due to the bimolecu-
lar decay.9

V. CONCLUSIONS

Paraexciton polariton propagation beats show a decreas-
ing period with increasing magnetic field, the shape changes

drastically as the laser is detuned from resonance. With in-
creasing temperature the number of oscillations decreases
due to an increased phonon-scattering rate. The shape of the
measured propagation beats can be reproduced by taking into
account the inhomogeneity of the sample, which allows us to
determine the polariton damping and dephasing time. We
observe dephasing times up to 150 ns at 0.35 K and 5 ns at
2.1 K. The dephasing at the lowest temperature is most likely
caused by polariton-impurity scattering. Due to the de-
creased phonon-scattering rate, the thermalization of the ex-
cited polaritons with the bath becomes less effective for low
temperatures. Even though the thermalization time remains
almost unchanged below 1 K, a 3He bath does not improve
the chances for a paraexciton condensate, since at low tem-
peratures thermalization of the exciton gas with the phonon
bath becomes inefficient, and high excitation densities heat
the exciton gas and the sample. A dilution refrigerator might
be more effective for this purpose. Anyhow, a paraexciton
BEC will not be in thermal equilibrium with the phonon bath
since at low temperatures the LA scattering rate becomes
much smaller than the high-density exciton lifetime.
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APPENDIX

1. LA-scattering rate

The LA-phonon-scattering rate �Eq. �5�� is derived starting from Eq. �2� in Ref. 10,

�

�t
NE = −

�MPDLA
2

4�2��4vLA
4 ��E

 dE1�E − E1�2
�NE�1 + nE−E1

ph ��1 + NE1
� − �1 + NE�nE−E1

ph NE1
�

· ��qS − �E + �E1� · ��− qS + �E + �E1� · ��E − E1�

+ �NEnE1−E
ph �1 + NE1

� − �1 + NE��1 + nE1−E
ph �NE1

� · ��qAS − �E1 + �E� · ��− qAS + �E1 + �E� · ��E1 − E�� , �A1�

where nE
ph= 1

exp�−E/�kBT��−1 and qS�AS= � �E−E1� / ��2MPvLA�. For low excitation intensities the occupation of excitons is low and
stimulated scattering events can be neglected. With the characteristic scattering time

�sc =
��4�

2DLA
2 · MP

3 · vLA

one obtains

�

�t
NE = −

1

8MP
5/2vLA

5 �sc
�2�E

 dE1�E − E1�2
�NE�1 + nE−E1

ph � − nE−E1
NE1

� · ��qS − �E + �E1� · ��− qS + �E + �E1� · ��E − E1�

+ �NEnE1−E
ph − �1 + nE1−E

ph �NE1
� · ��qAS − �E1 + �E� · ��− qAS + �E1 + �E� · ��E1 − E�� . �A2�
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Due to energy and momentum conservation �see Fig. 1�f��,
for excitons at the quadrupole resonance EP

0 only anti-Stokes
scattering is possible, which yields

�

�t
NEP

0 = −
1

8M
P

5
2 vLA

5 �sc
�2�EP

0
 dE1�EP

0 − E1�2�NEP
0nE1−EP

0
ph

− �1 + nE1−EP
0

ph �NE1
� · ��qAS − �E1 + �EP

0 �

· ��− qAS + �E1 + �EP
0 � · ��E1 − EP

0 � . �A3�

Since in the experiment only excitons at the resonance EP
0 are

created, scattering events from an energy E1 to the resonance
EP

0 are rather unlikely due to the low occupation NE1
and do

not have much impact on the damping. One thus obtains

�

�t
NEP

0 = −
1

8MP
5/2vLA

5 �sc
�2�EP

0 dE1 · �EP
0 − E1�2

· NEP
0nE1−EP

0
ph · ��qAS − �E1 + �EP

0 �

· ��− qAS + �E1 + �EP
0 � · ��E1 − EP

0 � . �A4�

Scaling the energy and temperature in multiples of e0

=2 ·MP ·vLA
2 , and introducing Ẽ=E /e0 and T̃=kB ·T /e0, leads

to

�

�t
NẼP

0 = −
1

�sc2�ẼP
0
 dẼ1�ẼP

0 − Ẽ1�2

· NẼP
0n

ẼP
0 −Ẽ1

ph
· ���ẼP

0 − Ẽ1� − �Ẽ1 + �ẼP
0 �

· ��− �ẼP
0 − Ẽ1� + �Ẽ1 + �ẼP

0 � · ��Ẽ1 − ẼP
0 � . �A5�

Inserting the integration limits instead of using the Heavi-
side functions results in

�

�t
NẼP

0 = −
NẼP

0

2�sc
�ẼP

0


��ẼP
0 − 1�2

��ẼP
0 + 1�2

dẼ1 · �ẼP
0 − Ẽ1�2n

Ẽ1−ẼP
0

ph
,

�A6�

which is identical to Eq. �5�.

2. Transmission of inhomogeneous sample

In the following we derive the transmission of a sample
consisting of layers with slightly different resonances. As we
do not take into account reflection at the back surface, in the
sample two polaritons modes E1 and E2 propagate in the
sample. The Maxwell conditions at the boundary between
two layers with indices j−1 and j and thicknesses dj−1 and dj
are

E1
j−1 exp�ik1

j−1dj−1� + E2
j−1 exp�ik2

j−1dj−1�

= E1
j + E2

j ,

n1
j−1E1

j−1 exp�ik1
j−1dj−1� + n2

j−1E2
j−1 exp�ik2

j−1dj−1�

= n1
j E1

j + n2
j E2

j . �A7�

Solving the equation for E1
j and E2

j results in

E1
j �
� =

1

k1
j �
� − k2

j �
�
· 
�k1

j−1�
�

− k2
j �
��E1

j−1�
�exp�ik1
j−1�
�dj−1� + �k2

j−1�
�

− k2
j �
��E2

j−1�
�exp�ik2
j−1�
�dj−1�� ,

E2
j �
� =

1

k2
j �
� − k1

j �
�
· 
�k1

j−1�
�

− k1
j �
��E1

j−1�
�exp�ik1
j−1�
�dj−1� + �k2

j−1�
�

− k1
j �
��E2

j−1�
�exp�ik2
j−1�
�dj−1�� . �A8�

If we additionally assume Pekar’s ABC at the front surface
as discussed in Sec. II, the electric field transmitted through
a sample with n layers can then be calculated by the set of
equations,

E�d,
� = E1
n�
� · exp�ik1

n�
�dn� + E2
n�
� · exp�ik2

n�
�dn� ,

E1
j �
� = �a1�
� j = 1

1

k1
j �
� − k2

j �
�

�k1

j−1�
� − k2
j �
��E1

j−1�
�exp�ik1
j−1�
�dj−1� + �k2

j−1�
� − k2
j �
��E2

j−1�
�exp�ik2
j−1�
�dj−1�� j � 1,�

�A9�

E2
j �
� = �a2�
� j = 1

1

k2
j �
� − k1

j �
�

�k1

j−1�
� − k1
j �
��E1

j−1�
�exp�ik1
j−1�
�dj−1� + �k2

j−1�
� − k1
j �
��E2

j−1�
�exp�ik2
j−1�
�dj−1�� j � 1.�

This recursive representation of the equations is basically the product of the electric field transmitted through each layer.
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